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Let B denote the unit ball of Cn . For 0 < p < ∞, the holomorphic function spaces Q p and
Q p,0 on the unit ball of Cn are deﬁned as
f ∈ Q p ⇔ sup
a∈B
∫
B
∣∣∇˜ f (z)∣∣2Gp(z,a)dλ(z) < ∞
and
f ∈ Q p,0 ⇔ lim|a|→1
∫
B
∣∣∇˜ f (z)∣∣2Gp(z,a)dλ(z) = 0.
In this paper, we give some derivative-free, mixture and oscillation characterizations for
Q p and Q p,0 spaces in the unit ball of Cn .
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let B denote the unit ball and ∂B the unit sphere in Cn . We denote by H(B) the class of all holomorphic functions
on B . Let Aut(B) be the group of all biholomorphic maps B into B . It is well known that Aut(B) is generated by the unitary
operators on Cn and the involutions ϕa of the form
ϕa(z) = a − Paz − sa Qaz
1− 〈z,a〉
where sa = (1− |a|2)1/2, Pa is the orthogonal projection into the space spanned by a, i.e., Paz = 〈z,a〉a|a|2 , |a|2 = 〈a,a〉, P0z = 0
and Qa = I − Pa (see, e.g. [16]).
For f ∈ H(B), z ∈ B , let
∇ f (z) =
(
∂ f
∂z1
(z), . . . ,
∂ f
∂zn
(z)
)
denote the complex gradient of f and let ∇˜ f denote the invariant gradient of B , i.e., (∇˜ f )(z) = ∇( f ◦ ϕz)(0).
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is for any ψ ∈ Aut(B), f ∈ L1(B), we have∫
B
f (z)dλ(z) =
∫
B
f ◦ ψ(z)dλ(z).
Suppose 0 < p < ∞ and α > −1, recall that the weighted Bergman space Apα consists of those functions f ∈ H(B) for
which
‖ f ‖p
Apα
= cα
∫
B
∣∣ f (z)∣∣p(1− |z|2)α dv(z) < ∞,
where cα = Γ (n+α+1)n!Γ (α+1) . When α = 0, we get the classical Bergman space, which will be denoted by Ap .
Let f ∈ H(B) with Taylor expansion f (z) =∑|γ |0 bγ zγ , p ∈ R. Recall that the Dirichlet type spaces Dp consists of all
holomorphic functions such that (see [1]):
‖ f ‖2Dp =
∑
|γ |0
(
n + |γ |)p|bγ |2ωγ < ∞,
where
ωγ =
∫
∂B
∣∣ξγ ∣∣2 dσ(ξ) = (n − 1)!γ !
(n + |γ | − 1)! .
In recent years a special class of Möbius invariant function spaces in the unit disk, the so-called Q p spaces, has attracted
a lot of attention. See [12,13] for a summary of recent research about Q p spaces in the unit disk. The Q p space was
generalized to the unit ball in [7]. For 0< p < ∞, recall that an f ∈ H(B) is said to belong to the space Q p if (see [7])
sup
a∈B
∫
B
∣∣∇˜ f (z)∣∣2Gp(z,a)dλ(z) < ∞. (1)
Here G(z,a) = g(ϕa(z)), where
g(z) = n + 1
2n
1∫
|z|
(
1− t2)n−1t−2n+1 dt.
Let Q p,0 denote the subspace of Q p for which
lim|a|→1
∫
B
∣∣∇˜ f (z)∣∣2Gp(z,a)dλ(z) = 0.
By [7], we know that Q p = B (the Bloch space) as 1 < p < nn−1 ; Q 1 = BMOA; and Q p contains only the constant functions
as 0< p  n−1n or p 
n
n−1 . Moreover, when
n−1
n < p  1, f ∈ Q p if and only if
sup
a∈B
∫
B
∣∣∇˜ f (z)∣∣2(1− ∣∣ϕa(z)∣∣2)np dλ(z) < ∞; (2)
f ∈ Q p,0 if and only if
lim|a|→1
∫
B
∣∣∇˜ f (z)∣∣2(1− ∣∣ϕa(z)∣∣2)np dλ(z) = 0.
From [14,15], we know that f ∈ Q p if and only if
sup
a∈B
∫
B
∣∣∇ f (z)∣∣2(1− |z|2)2(1− ∣∣ϕa(z)∣∣2)np dλ(z) < ∞; (3)
f ∈ Q p,0 if and only if
lim|a|→1
∫
B
∣∣∇ f (z)∣∣2(1− |z|2)2(1− ∣∣ϕa(z)∣∣2)np dλ(z) = 0.
More characterizations of the Q p space on the unit ball can be found in [3,4,7,14,15].
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Constants are denoted by C in this paper, they are positive and may differ from one occurrence to the other. a b means
that there is a positive constant C such that a Cb. Moreover, if both a b and b a hold, then one says that a  b.
2. Main results and proofs
In this section, we give our main results and proofs. In order to prove our results, we need some auxiliary results which
are incorporated in the following lemmas. We begin with the following estimate (see, e.g. [10,16]).
Lemma 1. Let −1< t < ∞, and c be any real number. Then there is a positive constant C such that
∫
B
(1− |z|2)t
|1− 〈z,w〉|n+1+t+c dv(z)
⎧⎪⎨⎪⎩
 C
(1−|w|2)c , if c > 0,
 C log 1
1−|w|2 , if c = 0,
is bounded, if c < 0
for all w ∈ B.
Lemma 2. (See [8].) Suppose α > −1, p > 0, 0 q < p + 2 and f ∈ H(B). Then f ∈ Apα if and only if
K ( f ) =
∫
B
∣∣ f (z)∣∣p−q∣∣∇˜ f (z)∣∣q dvα(z) < ∞.
Moreover, the quantities ‖ f ‖p
Apα
and | f (0)|p + K ( f ) are comparable for f ∈ H(B).
Lemma 3. (See [2].) Let f (z) =∑|α|0 aαzα ∈ H(B), p  n, δ, τ > −1 and min(δ, τ ) + p > −1. Then∫
B
∫
B
| f (z) − f (w)|2
|1− 〈z,w〉|n+2+δ+τ+p
(
1− |z|2)δ(1− |w|2)τ dv(z)dv(w)  ∑
|α|0
(
n + |α|)p|aα|2ωα. (4)
Lemma 4. (See [5].) Assume that −1< p < 1. Then f ∈ Dp if and only if∫
B
∣∣∇˜ f (z)∣∣2(1− |z|2)n−p dλ(z) < ∞.
Now we are in a position to state our main results and proofs.
Theorem 1. Assume that f ∈ H(B), 0 q < 4, α > −1, n−1n < p  1. Then f ∈ Q p if and only if
M = sup
a∈B
∫
B
∫
B
| f (z) − f (w)|2−q
|1− 〈z,w〉|2(n+1+α)
∣∣∇˜ f (z)∣∣q(1− ∣∣ϕa(w)∣∣2)np dvα(z)dvα(w) < ∞. (5)
Proof. Suppose that (5) holds. Note that
M = sup
a∈B
∫
B
(
1− ∣∣ϕa(w)∣∣2)np dλ(w)∫
B
∣∣Fw(z)∣∣2−q∣∣∇˜ Fw(z)∣∣q dvα(z),
where Fw = f ◦ ϕw − f (w). By Lemma 2,
M  sup
a∈B
∫
B
(
1− ∣∣ϕa(w)∣∣2)np dλ(w)∫
B
∣∣Fw(z)∣∣2 dvα(z). (6)
Let E(a, r) = {z ∈ B: |ϕa(z)| < r}. Since |∇˜( f ◦ ϕw)(z)| = |∇˜ f (ϕw(z))|, for a ﬁxed r ∈ (0,1), by using Cauchy’s estimate, we
have
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
∫
E(0,r)
∣∣ f ◦ ϕw(z) − f ◦ ϕw(0)∣∣2 dvα(z)
=
∫
E(0,r)
∣∣ f ◦ ϕw(z) − f (w)∣∣2 dvα(z)

∫
B
∣∣ f ◦ ϕw(z) − f (w)∣∣2 dvα(z).
Hence
∞ > M  sup
a∈B
∫
B
∣∣∇˜ f (w)∣∣2(1− ∣∣ϕa(w)∣∣2)np dλ(w),
i.e. f ∈ Q p , as desired.
Conversely, suppose that f ∈ Q p . Then from Lemma 2 and (6), we have∫
B
∫
B
| f (z) − f (w)|2−q
|1− 〈z,w〉|2(n+1+α)
∣∣∇˜ f (z)∣∣q(1− ∣∣ϕa(w)∣∣2)np dvα(z)dvα(w)
=
∫
B
∫
B
∣∣Fw(z)∣∣2−q∣∣∇˜ Fw(z)∣∣q dvα(z)(1− ∣∣ϕa(w)∣∣2)np dλ(w)
 C
∫
B
∫
B
∣∣∇˜ f ◦ ϕw(u)∣∣2 dvα(u)(1− ∣∣ϕa(w)∣∣2)np dλ(w)
= C
∫
B
∫
B
∣∣∇˜ f (z)∣∣2(1− ∣∣ϕw(z)∣∣2)n+1+α dλ(z)(1− ∣∣ϕa(w)∣∣2)np dλ(w)

∫
B
∣∣∇˜ f (z)∣∣2(1− ∣∣ϕa(z)∣∣2)np dλ(z) × I, (7)
where
I = sup
a,z∈B
∫
B
1
(1− |ϕa(z)|2)np
(
1− ∣∣ϕw(z)∣∣2)n+1+α(1− ∣∣ϕa(w)∣∣2)np dλ(w).
Making a change of variable w → ϕz(u) and using the identity |ϕz(w)| = |ϕw(z)|, we get
I = sup
a,z∈B
∫
B
1
(1− |ϕz(a)|2)np
(
1− |u|2)n+1+α(1− ∣∣ϕa(ϕz(u))∣∣2)np dλ(u).
It follows from |ϕa(ϕz(u))| = |ϕϕz(a)(u)| and Lemma 1 that
I = sup
a,z∈B
∫
B
1
(1− |ϕz(a)|2)np
(
1− ∣∣ϕϕz(a)(u)∣∣2)np dvα(u)
= sup
a,z∈B
∫
B
(1− |u|2)np
|1− 〈u,ϕz(a)〉|2np dvα(u) < ∞. (8)
Combining (7) with (8), we get the desired result. The proof is completed. 
In particular, taking q = 0, we get the following result.
Theorem 2. Assume that f ∈ H(B), α > −1, n−1n < p  1. Then f ∈ Q p if and only if
sup
a∈B
∫
B
∫
B
| f (z) − f (w)|2
|1− 〈z,w〉|2(n+1+α)
(
1− ∣∣ϕa(w)∣∣2)np dvα(z)dvα(w) < ∞. (9)
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For an f ∈ H(B), we deﬁne (see [16])
MO( f )(z) =
√√√√∫
B
∣∣ f (w) − f (z)∣∣2 (1− |z|2)n+1|1− 〈z,w〉|2(n+1) dv(w). (10)
Using MO( f ), we have the following characterization for the Q p space in the unit ball.
Theorem 3. Let f ∈ H(B) and n−1n < p  1. Then f ∈ Q p if and only if
sup
a∈B
∫
B
[
MO( f )(z)
]2(
1− ∣∣ϕa(z)∣∣2)np dλ(z) < ∞. (11)
Proof. By Theorem 2, we consider the following integral
J ( f ) = sup
a∈B
∫
B
∫
B
| f (z) − f (w)|2
|1− 〈z,w〉|2(n+1)
(
1− ∣∣ϕa(z)∣∣2)np dv(z)dv(w). (12)
We rewrite (12) as an iterated integral
J ( f ) = sup
a∈B
∫
B
(
1− ∣∣ϕa(z)∣∣2)np dλ(z)∫
B
∣∣ f (z) − f (w)∣∣2 (1− |z|2)n+1|1− 〈z,w〉|2(n+1) dv(w).
By (10), we have
J ( f ) = sup
a∈B
∫
B
[
MO( f )(z)
]2(
1− ∣∣ϕa(z)∣∣2)np dλ(z).
By Theorem 2 we get the desired result. 
Theorem 4. Assume that f ∈ H(B), α  0, n−1n < p  1. Then f ∈ Q p if and only if
sup
a∈B
∫
B
∫
B
| f (z) − f (w)|2
|1− 〈z,w〉|2(n+1+α)
(
1− ∣∣ϕa(z)∣∣2) np2 (1− |ϕa(w)|2) np2 dvα(z)dvα(w) < ∞.
Proof. From (2) we see that f ∈ Q p if and only if
sup
a∈B
∫
B
∣∣∇˜ f (z)∣∣2(1− ∣∣ϕa(z)∣∣2)np dλ(z) < ∞.
Making a change of variable we get that f ∈ Q p if and only if
sup
a∈B
∫
B
∣∣∇˜( f ◦ ϕa)(z)∣∣2(1− |z|2)np dλ(z) < ∞.
From Lemmas 3 and 4 we see that∫
B
∣∣∇˜ f (z)∣∣2(1− |z|2)np dλ(z) < ∞
if and only if∫
B
∫
B
| f (z) − f (w)|2
|1− 〈z,w〉|2(n+1+α)
(
1− |z|2) np2 (1− |w|2) np2 dvα(z)dvα(w) < ∞. (13)
Replacing f ◦ ϕa by f we get that f ∈ Q p if and only if
sup
a∈B
∫ ∫ | f ◦ ϕa(z) − f ◦ ϕa(w)|2
|1− 〈z,w〉|2(n+1+α)
(
1− |z|2) np2 (1− |w|2) np2 dvα(z)dvα(w) < ∞. (14)B B
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1− 〈ϕa(z),ϕa(w)〉= (1− 〈a,a〉)(1− 〈z,w〉)
(1− 〈z,a〉)(1− 〈a,w〉) , (15)
we see that the left side of (14) is equivalent to
sup
a∈B
∫
B
∫
B
| f (z) − f (w)|2
|1− 〈z,w〉|2(n+1+α)
(
1− ∣∣ϕa(z)∣∣2) np2 (1− ∣∣ϕa(w)∣∣2) np2 dvα(z)dvα(w),
as desired. The proof is completed. 
Based on Theorems 2 and 4, we give a conjecture as follows.
Conjecture 1. Assume that f ∈ H(B), α  0, n−1n < p  1. Then f ∈ Q p if and only if
sup
a∈B
∫
B
∫
B
| f (z) − f (w)|2
|z − w|2(n+1+α)
(
1− ∣∣ϕa(w)∣∣2)np dvα(z)dvα(w) < ∞ (16)
if and only if
sup
a∈B
∫
B
∫
B
| f (z) − f (w)|2
|z − w|2(n+1+α)
(
1− ∣∣ϕa(z)∣∣2) np2 (1− ∣∣ϕa(w)∣∣2) np2 dvα(z)dvα(w) < ∞.
Theorem 5. Assume that f ∈ H(B), n−1n < p  1 and r > 0. Then the following statements are equivalent:
(a) f ∈ Q p ;
(b) sup
a∈B
∫
B
(
sup
w∈E(z,r)
∣∣ f (z) − f (w)∣∣(1− ∣∣ϕa(z)∣∣2) np4 (1− ∣∣ϕa(w)∣∣2) np4 )2 dλ(z) < ∞;
(c) sup
a∈B
∫
B
(
1
|E(z, r)|
∫
E(z,r)
∣∣ f (z) − f (w)∣∣2(1− ∣∣ϕa(z)∣∣2) np2 (1− ∣∣ϕa(w)∣∣2) np2 dv(w)
)
dλ(z) < ∞;
(d) sup
a∈B
∫
B
(
1
|E(z, r)|
∫
E(z,r)
∣∣ f (z) − f (w)∣∣(1− ∣∣ϕa(z)∣∣2) np4 (1− ∣∣ϕa(w)∣∣2) np4 dv(w)
)2
dλ(z) < ∞.
Proof. (b) ⇒ (d). This implication is obvious.
(d) ⇒ (a). For a ﬁxed r ∈ (0,1), when z ∈ E(a, r), we have (see, e.g. [6,16])(
1− |z|2)n+1  (1− |a|2)n+1  ∣∣1− 〈a, z〉∣∣n+1  ∣∣E(a, r)∣∣. (17)
Similarly to the proof of Theorem 1, we have∣∣∇˜ f (z)∣∣= ∣∣∇( f ◦ ϕz)(0)∣∣ ∫
E(0,r)
∣∣ f ◦ ϕz(ζ ) − f ◦ ϕz(0)∣∣dv(ζ ).
By changing variable ζ = ϕz(w) and using (17), we get∣∣∇˜ f (z)∣∣ ∫
E(z,r)
∣∣ f (w) − f (z)∣∣ (1− |z|2)n+1|1− 〈z,w〉|2(n+1) dv(w)
 1∣∣E(z, r)∣∣
∫
E(z,r)
∣∣ f (w) − f (z)∣∣dv(w).
From the well-known inequality (1− |z|2)|∇ f (z)| |∇˜ f (z)|, we have(
1− |z|2)∣∣∇ f (z)∣∣ 1|E(z, r)|
∫ ∣∣ f (z) − f (w)∣∣dv(w). (18)E(z,r)
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for any a ∈ B . Combining (18) with (19) we obtain(
1− |z|2)∣∣∇ f (z)∣∣(1− ∣∣ϕa(z)∣∣2) np2  1|E(z, r)|
∫
E(z,r)
∣∣ f (z) − f (w)∣∣(1− ∣∣ϕa(z)∣∣2) np2 dv(w)
 1|E(z, r)|
∫
E(z,r)
∣∣ f (z) − f (w)∣∣(1− ∣∣ϕa(z)∣∣2) np4 (1− ∣∣ϕa(w)∣∣2) np4 dv(w).
Therefore∫
B
(
1− |z|2)2∣∣∇ f (z)∣∣2(1− ∣∣ϕa(z)∣∣2)np dλ(z)

∫
B
(
1
|E(z, r)|
∫
E(z,r)
∣∣ f (z) − f (w)∣∣(1− ∣∣ϕa(z)∣∣2) np4 (1− ∣∣ϕa(w)∣∣2) np4 dv(w)
)2
dλ(z)
< ∞.
From (3) we see that f ∈ Q p .
(a) ⇒ (c). From Lemma 2 or [9] we see that∫
E(z,r)
∣∣ f (w)∣∣2 dv(w) ( ∫
E(z,r)
(
1− |w|2)2∣∣∇ f (w)∣∣2 dv(w) + ∣∣ f (z)∣∣2). (20)
It follows from (19) with (20) that∫
B
(
1
|E(z, r)|
∫
E(z,r)
∣∣ f (z) − f (w)∣∣2(1− ∣∣ϕa(z)∣∣2) np2 (1− ∣∣ϕa(w)∣∣2) np2 dv(w))dλ(z)

∫
B
(
1
|E(z, r)|
∫
E(z,r)
(
1− |w|2)2∣∣∇ f (w)∣∣2(1− |ϕa(w)|2)np dv(w))dλ(z)

∫
B
(∫
B
χE(z,r)(w)
(
1− |w|2)2∣∣∇ f (w)∣∣2(1− ∣∣ϕa(w)∣∣2)np dλ(w))dλ(z)

∫
B
χE(w,r)(z)dλ(z)
(∫
B
(
1− |w|2)2∣∣∇ f (w)∣∣2(1− ∣∣ϕa(w)∣∣2)npdλ(w))

∫
B
(
1− |w|2)2∣∣∇ f (w)∣∣2(1− ∣∣ϕa(w)∣∣2)np dλ(w) < ∞.
(c) ⇒ (b). By the subharmonicity, for some c > 1, we have
sup
w∈E(z,r)
∣∣ f (z) − f (w)∣∣(1− ∣∣ϕa(z)∣∣2) np4 (1− ∣∣ϕa(w)∣∣2) np4
=
(
sup
w∈E(z,r)
∣∣ f (z) − f (w)∣∣2(1− ∣∣ϕa(z)∣∣2) np2 (1− ∣∣ϕa(w)∣∣2) np2 ) 12

(
1
|E(z, cr)|
∫
E(z,cr)
∣∣ f (z) − f (w)∣∣2(1− ∣∣ϕa(z)∣∣2) np2 (1− ∣∣ϕa(w)∣∣2) np2 dv(w)) 12 .
Hence∫ (
sup
w∈E(z,r)
∣∣ f (z) − f (w)∣∣(1− ∣∣ϕa(z)∣∣2) np4 (1− ∣∣ϕa(w)∣∣2) np4 )2 dλ(z)
B
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∫
B
(
1
|E(z, cr)|
∫
E(z,cr)
∣∣ f (z) − f (w)∣∣2(1− ∣∣ϕa(z)∣∣2) np2 (1− ∣∣ϕa(w)∣∣2) np2 dv(w))dλ(z)
< ∞.
The proof is completed. 
From Theorem 5 and (19), we easily get the following result.
Theorem 6. Assume that f ∈ H(B), n−1n < p  1 and r > 0. Then the following statements are equivalent:
(a) f ∈ Q p ;
(b) sup
a∈B
∫
B
(
sup
w∈E(z,r)
∣∣ f (z) − f (w)∣∣)2(1− ∣∣ϕa(z)∣∣2)np dλ(z) < ∞;
(c) sup
a∈B
∫
B
(
1
|E(z, r)|
∫
E(z,r)
∣∣ f (z) − f (w)∣∣2 dv(w))(1− ∣∣ϕa(z)∣∣2)np dλ(z) < ∞;
(d) sup
a∈B
∫
B
(
1
|E(z, r)|
∫
E(z,r)
∣∣ f (z) − f (w)∣∣dv(w))2(1− ∣∣ϕa(z)∣∣2)np dλ(z) < ∞.
Remark 2. Our earlier estimates in Theorems 1–6 are pointwise estimates with respect to a ∈ B , so if we replacing supa∈B
and < ∞ by lim|a|→1 and = 0, respectively, we obtain the corresponding characterizations of Q p,0. We omit the details of
the proof.
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